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Editorial

Tatsuya Mizoguchi
Editor-in-Chief of Hiroshima Journal of Mathematics Education,

Japan Academic Society of Mathematics Education

　　 Since 2020, the world has been fighting the COVID-19 pandemic, which has changed our lives and 
forced several restrictions on us.  The International Congress on Mathematical Education and other 
international conferences have been held online (some hybrid), which has been an unprecedented experience, 
as have domestic conferences within each country.  We are keenly aware of the importance of face-to-face 
discussions.  Not only in the field of research, but more so in the field of educational practice, children, 
teachers, and parents are facing many difficulties.  Nevertheless, each one of us must move forward within 
these constraints to protect all lives, and not just those of our loved ones.
　　 In this situation, we believe that research journals, including the Hiroshima Journal of Mathematics 
Education (HJME), are highly significant because they play an important role in facilitating our research 
activities at a time when face-to-face discussions are not possible.
　　 We, the editorial team, are pleased to issue Volume 14 of the HJME, an international journal of the Japan 
Academic Society of Mathematics Education (JASME).
　　 The HJME has undergone significant changes over the past few years: Volume 12 marked its relaunch 
as an international journal of JASME, while in Volume 13, special feature articles were published to 
commemorate the 50th JASME conference.  This volume (14) is marked by a change in editorial staff and 
revision of the manuscript submission framework.  For more information, please visit the journal’s web 
page.
　　 Volume 14 presents three articles that deal with ‘professional development through lesson study’, 
‘mathematics education in China’, and ‘online teaching and learning’—the last one, in particular, is in line 
with the special issue of Volume 14.
　　 The first article, entitled Sustainable lesson study and paradidactic infrastructure: The case of Denmark, 
is authored by Camilla Hellsten Østergaard and Carl Winsløw.  They focus on the issue of sustainability of 
lesson study as a form of practice-based professional development, extend the idea of paradidactic 
infrastructure, and analyse sustainability from the institutional perspective of the Anthropological Theory of 
the Didactic.
　　 The second article, entitled Examining the development of mathematics education research in Chinese 
mainland from the 1990s to the 2010s: a focused survey, is authored by Lianghuo Fan, Jietong Luo, Sicheng 
Xie, and Yan Zhu.  They conducted a focused survey of research mainly published since the early 1990s in 
the Journal of Mathematics Education, a Chinese national research journal.
　　 The third article, entitled On online teaching and learning of mathematics: What future research can 
be expected by mathematics education research?, is authored by Taro Fujita.  To identify issues and challenges 
in online teaching and learning of mathematics to be explored in future research, and what mathematics 
education can contribute to this research area, he reviewed key literature from 2015 to 2020 in mathematics 
education journals.  This article is part of the special issue of Volume 14: Online/Distance Teaching and 



Learning in Mathematics Education.
　　 Finally, we would like to inform authors and our readership that because the HJME is published once 
a year, this has tended to delay the publication of accepted papers.  We have, therefore, started publishing 
them online first.  In addition, we are now ready to accept submissions at any time.  We look forward to your 
contributions.
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SUSTAINABLE LESSON STUDY AND PARADIDACTIC 
INFRASTRUCTURE: THE CASE OF DENMARK

Camilla Hellsten Østergaard and Carl Winsløw
University of Copenhagen

Abstract
　　 Most widely published books and papers on lesson study emphasise that a main attraction of 
this format is that it enables teachers to build and maintain a shared knowledge base for the 
teaching profession.  This, however, clearly requires that lesson study is established as more than 
an occasional experiment, which is new to most teachers involved and involves only exceptional 
teachers.  Therefore, research on lesson study increasingly focuses on the question of sustainability 
of the format as a practice-based form of professional development.  We present and expand the 
recent theoretical idea of paradidactic infrastructure and analyse sustainability from the institutional 
perspective of the Anthropological Theory of the Didactic and especially based on the idea of 
paradidactic infrastructure.  Our data come from the Danish context where lesson study in mathematics 
has been experimented with for more than 10 years, first by individual researchers and now, 
increasingly driven by institutions, such as schools or municipalities. 

Key words: Lesson study, sustainability, paradidactic infrastructure, professional development

INTRODUCTION

　　 Lesson study (LS) was essentially introduced to the Western world by a rare “best-seller” in the 
educational science literature authored by Stigler and Hiebert (1999).  In both the USA and Denmark, the 
dissemination of LS has to some extent, been based on individuals’ first-hand experience of it in Japan and 
in video recordings that relay some of what LS may contain and produce in terms of mathematics teaching.  
Slowly, several Danish scholars began to take interest in LS as described by international (especially 
American) scholars, such as Stigler and Hiebert (1999).
　　 The purpose of this paper is to investigate the sustainability of LS in the Danish context, drawing on 
theoretical tools that have so far only been used in the context of Japan.  Danish efforts to implement LS 
began relatively late compared to those of other Western countries.  Such efforts first happened in the United 
States, and Lewis (2002) already reported on a number of “barriers facing LS” in this particular country and 
noted that “research is needed to understand the supporting conditions that have enabled lesson study to 
succeed at some sites” (p. 19).  Newer empirical research has studied the effects of efforts to bring about such 
conditions, such as providing additional resources like prepackaged LS kits with templates, LS steps and 
mathematics resources (Akiba & Wilkinson, 2016; Lewis & Perry, 2014), involving leaders of schools or 
bigger districts in adapting LS in organisational structures and routines (Akiba, Howard & Wilkinson, 2019) 
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or introducing the “knowledgeable other” to ensure the effectiveness of LS (Takahashi, 2013; Takahashi & 
McDougal, 2016). 
　　 The literature also contains case studies of small- and large-scale implementations of LS in dozens of 
other countries, including Denmark, Norway and Sweden.  We note here that most such studies report some 
kind of immediate “success” of LS.  For example, teachers have reported on such success and what they learned 
from the experience; but in this paper, we will not be concerned so much with the effects of LS on teachers 
and students as with the institutional conditions that allow or hinder the continued practice of LS. 
　　 What are the necessary and sufficient conditions for LS to become a regular and teacher-led activity, 
particularly in a Danish context? What could these conditions be, in general? The question was reformulated 
and approached during ICME13 in Hamburg as, What makes lesson study “viable” in some contexts, where 
the activity is regularly done by all teachers with no external initiative? (Qauresma et al., 2018, p. vii).  To 
examine an indeterminate “what” in a research context, a theoretical framework, which specifies the boundaries 
and kinds of the research object, is required.  The contribution of this paper is mainly to introduce and exemplify 
the recent theoretical construct of paradidactic infrastructure as a means to frame studies that investigate the 
above question more precisely.  Within the Anthropological Theory of the Didactic, this construct models the 
conditions under which the teaching profession operates (in particular, learns) outside of teaching situations 
(Winsløw, 2012; Miyakawa & Winsløw, 2019).  We present this theoretical framework along with the more 
precise research questions on the paradidactic infrastructure for LS in Denmark after the background section.  
Then, we proceed to investigate our questions through two case studies, which illustrate important constraints 
and potentials for LS in Denmark.

BACKGROUND: LESSON STUDY IN A DANISH CONTEXT

　　 Danish researchers following the international literature became aware of LS starting in the late 1990s, 
along with everyone else (cf. introduction).  It began to be disseminated to Danish teachers and teacher 
educators some years later via popularisation texts (Winsløw, 2004, 2006, 2009) and workshop presentations.  
The first implementation of LS in Denmark was in 2009 at the National Knowledge Centre for Mathematics 
Teaching (NAVIMAT, in existence until 2012).  Led by Kaj Østergaard and Erik Bilsted, the elaboration of 
LS involved seven mathematics teachers, and Bilsted (2010) reported on this elaboration by presenting the 
lesson plans of seven “super lessons” together with a reprint of the work of Winsløw (2009).  Since then, 
several other professional development and research projects based on LS involving both in-service and pre-
service teachers, have been initiated.  We focus here on LSs which have been documented in national and 
international academic journals. 
　　 A good amount of attention has been paid to LS as part of teacher education.  Nyboe and Rasmussen 
(2015) described LS as a formal framework for practice elements in teacher education, which allows teaching 
to become a common and concrete object of concern for pre-service teachers, teachers and teacher educators.  
Jørgensen, Rostgaard and Mogensen (2016) presented a two-year research project in which LS was carried 
out by pre-service teachers in collaboration with their internship supervisors (who are experienced teachers).  
One conclusion was that LS fostered collaboration that aligned the goals of in-service teachers and internship 
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supervisors as the internship became an avenue for knowledge sharing and a rewarding collaboration.  These 
studies are mainly descriptive, but others are more theoretical.  Skott and Østergaard (2015) used the 
knowledge quartet to categorise Danish pre-service teachers’ mathematical knowing for teaching as it 
developed through LS during their internships. Østergaard (2016) used the the Anthropological Theory of 
the Didactic to explore the potentials of LS to improve pre-service teachers’ learning during internship and 
concluded that LS constitutes an interface between teacher education and the internship programme. 
　　 Moving beyond the setting of teacher education, Skott and Møller (2016, 2017, 2019) used Patterns of 
Participation to conceptualise and understand teachers’ knowing and participation from a social perspective.  
One of their aims was to contribute a deeper theoretical understanding of individual teacher learning and 
meaning-making derived from participation in LS.  Another aim was to explore the conflicts that emerged 
when Danish teachers engaged in LS.  The authors concluded that it is necessary to address broader issues 
of culture, such as teachers’ collaborative work and power relations between the teachers in order to adapt 
LS in a Danish context.  They also identified cultural norms as an explanation of implementation problems.  
Bahn (2018) used the Theory of Didactical Situations in the analysis of experienced teachers’ work using 
open-ended lessons in the context of LS.  He found that the open-ended approach was useful to some extent 
and that LS was effective in developing teachers’ knowledge about the connection between teaching and 
learning.  He also found that considerable external support was necessary for teachers’ progress in this 
regard.  Finally, in a mostly theoretical paper, Winsløw, Bahn and Rasmussen (2018) argued that the use of 
theoretical frameworks is crucial for systematic research on LS.  They exemplified the use of the Theory of 
Didactical Situations and the Anthropological Theory of the Didactic using two Danish cases of pre- and in-
service teachers’ development.
　　 We have not found documentation of Danish LS projects (involving the same teachers) which lasted 
for more than a few years or of research analysing the sustainability of LS in Denmark.  Sustainability is an 
implicit concern in several of the documented implementation projects and in some of the more theoretical 
analyses of these projects, such as the identification of cultural issues as important conditions for implementing 
LS (Skott & Møller, 2019).  We now propose a general and explicit framework.

THEORETICAL FRAMEWORK AND RESEARCH QUESTIONS

　　 In the Anthropological Theory of the Didactic (Chevallard, 1999, 2006), we model knowledge in terms 
of praxeologies.  Praxis refers to practical knowledge and “know-how” and encompasses tasks and techniques 
for solving tasks, and logos is explicit knowledge about the praxis and consists of technology, including 
explanations and justifications of the techniques, and theory, which is an abstract discourse clarifying or 
justifying the technology.  In line with the work of Miyakawa and Winsløw (2019), we use the term 
paradidactic to refer to phenomena related to school teaching but found outside of teaching situations 
themselves.  Paradidactic praxeologies refer to the practices and explicit knowledge (Chevallard, 1999), 
which teachers deploy and develop as they interact with other teachers, prepare or evaluate a lesson, and so 
on.  As the examples show, some of these praxeologies are very similar to concrete didactic praxeologies, 
which occur in the classroom and are aimed at developing mathematical praxeologies among the pupils.  
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Other paradidactic praxeologies, such as meetings or courses uniting all teachers from a given school, 
typically do not address any specific didactic praxeology and certainly not any mathematical praxeology. 
　　 The professional praxeologies of mathematics teachers constitute a very complex composition of 
mathematical praxeologies, didactical praxeologies and paradidactic praxeologies.  LS activity demonstrates 
that this matter cannot be reduced to the forms of practice and logos, which are visible in mathematics 
classrooms, especially because in the latter, teachers are usually alone and cannot share their experiences and 
inferences with colleagues.  The construction of professional knowledge requires, more generally, an 
infrastructure (frameworks, settings, organisations, etc.) that goes beyond the professional practice itself.  In 
some professions, this infrastructure is prestigious and visible, for example, the medical profession with its 
international scientific journals, conferences, organisations, etc.  In the case of mathematics teachers, there 
is also such an infrastructure - the paradidactic infrastructure (cf. Winsløw, 2012; Miyakawa & Winsløw, 
2018) - which consists of the shared conditions (institutions, levels, media, etc.) that govern and nurture 
teachers’ work outside the classroom, whether they work in large or small groups or alone (as is often the 
case for the day-to-day work related to teaching).  Certainly, some of these conditions are quite visible and 
almost trivial, such as the time and workspace which teachers are given to prepare their teaching and the 
official documents and other resources, such as textbooks, that are available for this work.  Other conditions 
may be less visible and more difficult to describe.  LS is but one of the elements of conditions that are shared 
by Japanese teachers, and it depends on multiple other elements of the Japanese paradidactic infrastructure.
　　 Miyakawa and Winsløw (2019, Table 1) displayed a wider field of the paradidactic infrastructure in 
Japan.  The consideration of such conditions drew our attention to the fact that paradidactic infrastructure is 
often national in nature.  Unlike the medical profession, the profession of mathematics teaching does not 
possess a solid and internationally shared knowledge base, with the possible exception of that which pertains 
strictly to the mathematical praxeologies that it exists to disseminate.  The experiences, results and assumptions 
of the profession are still mostly shared at a national level or even more locally.  The internationalisation of 
mathematics education research over the past century or so has the potential to produce a wider knowledge 
base, but unlike what holds for the medical profession, it remains mainly known to a small segment of 
scholars, despite their efforts to interact with teachers and contribute to the paradidactic field of activity, 
including pre- and in-service teacher education.  The national differences of paradidactic infrastructure also 
imply that the investigation of the conditions for conducting LS has to be done at a national level. 
　　 In particular, we are interested in sustainable LS, meaning LS that is conducted regularly over several 
years and with resources normally available to schools (i.e., not as an initiative or with external funding).  
This does not entirely exclude external support (even in the form of funds); for example, in Japan,  
“knowledgeable others” are usually present (Takahashi, 2014), but the activity must not be merely an 
initiative by external institutions and should not, in principle, be limited in time.
　　 We focus on the paradidactic infrastructure of Danish mathematics teachers in primary and lower 
secondary school and its implications for the possibility of sustainable LS.  The reason for limiting our scope 
to these levels is that these teachers share a number of important institutional conditions: their initial 
education takes place at university colleges and is very different from the university programmes that prepare 
upper secondary teachers.  In Denmark, the primary and lower secondary levels (grades 1–9) are mandatory 
and delivered in the same school institutions unlike higher-level education.  The relative homogeneity of the 
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teachers is also reflected in common work conditions, a common union for teachers and the fact that the 
schools in which they teach are either administered by one of the country’s 98 municipalities or state-
sponsored private institutions (catering to roughly 20% of the children in grades 1–9).
　　 With these preliminaries and assumptions, we present in Table 1 a rough overview of the main 
institutions and elements of the paradidactic infrastructure in Denmark (PID) in analogy with the Japanese 
case (Miyakawa & Winsløw, 2019, Table 1).  Our first portrait of the PID is based on the authors’ brainstorming 
sessions and informal conversations with colleagues.  It is thus more a rough picture than a final map.  We 
note that the institutional levels involved in Table 1 can be roughly connected to the levels of society and 
school in Chevallard’s (2002, 2019) hierarchy of didactic codetermination. 
　　 We now explain, in a little more detail, the elements of the table that are the most important (indicated 
in boldface in the table).  The School Department of the Ministry of Education, currently The Department for 
Teaching and Quality, is in charge of the national, centralised regulations and management of schools.  In 
particular, it produces the national “Common Goals”, which specify the learning content for each subject at 
a given grade level, and creates (in part by delegation to committees or companies) a number of mandatory 
tests corresponding to these goals, including the exams at the end of lower secondary school.  There is no 
centralised production or control of teaching materials.  Most teachers rely on textbooks published by 
commercial editors usually authored by 2–4 teachers or teacher educators.  Teacher educators are generally 
employed at University Colleges, where primary and lower secondary teachers are initially educated.  These 
institutions also engage in development projects and in-service education related to school teaching, often 

Table 1 Elements of Paradidactic Infrastructure in Denmark

Institutional 
level Institutional frameworks Settings for teacher 

study and research
Media used or produced 

by teachers

National Ministry of Education
-  School department
Ministry of Higher Education 
and Research
   -  University colleges
   -  Universities
National Teacher Union
-  Danish Math Teacher 

Association (MTA) 
- MTA Publishing Co.
Math counsellors’ network
Private foundations
Private textbook publishers

EMU (webpage with national 
curriculum and research)

Teaching material centres
Masters programmes

Annual conference
Theme conferences
Book fairs 

“Common Goals”, tests
Skolekom lists
Folkeskolen.dk

“Mathematics” Magazine
Books and other resources 

Commercial textbooks

Region Regional sections of MTA In-service courses 

Municipality School commission
School administration
Educational Centre/
consultants
Math Resource Centre /
Counsellor teachers

In-service courses 

New teaching materials, 
meetings and courses on 
specific themes

Local school School principal 
School management
Math team(s)

Meetings (for all teachers)
Math team meetings

School Intranet 
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financed by the Ministry of Education or by private foundations.  Individual researchers at universities (such 
as the second author) may, exceptionally, be involved in such activities.  Primary and lower secondary school 
teachers do not usually interact with universities except for the minority who (like the first author) pursue a 
masters or doctoral degree in addition to regular teacher education at the bachelor’s level.
　　 The public schools are funded and managed by the 98 municipalities.  Each school has a board 
(appointed by the municipality) which appoints a school principal who is responsible for the day-to-day 
operation of the school, including the hiring of teachers and regulation of their working conditions.  The 
principal appoints other members of the school management, who may take on specific pedagogical 
responsibilities.  At the municipal level, within the school administration, there is also a unit - sometimes 
called the Educational Centre - which supports teachers through in-service courses and the like, usually 
staffed by consultants who may be specialised in some school subject(s).  The organisation of this service 
depends on the municipality (size, political choices). 
　　 As noted in the previous section, LS in Denmark has so far mainly been initiated by individuals from 
university colleges and universities, often in relation to short-term projects, such as PhD dissertations.  Such 
projects, and indeed the two cases considered, could offer some insight into conditions which favour or 
inhibit LS and enable us to hypothesize on sustainability requirements.  More precisely, we will use our 
model of PID (Table 1) and the two cases to investigate the following questions:
RQ1: How do the different elements of PID affect (support, hinder) specific efforts to implement LS? 
RQ2: What can be learnt from such specific cases regarding the potential for sustainable LS activity in 
Danish schools, for instance in terms of necessary changes in PID or in the method of implementing LS?
　　 The two case studies are largely explorative (Streb, 2012) in the sense that we use them to generate 
hypothetical answers for the above questions, which are supposed to illustrate the meaning and pertinence of 
the proposed framework and of the concrete model of PID presented above.  The hypothetical responses to 
RQ1 are summed up after each of the cases, and RQ2 is discussed in the discussion and conclusion.
　　 The two cases are not comparable with regards to the length of the studies, numbers of participating 
teachers, academic support or the mathematical content studied in the classroom.  However, both are cases 
of LS implemented over a long period in a Danish context and are aimed at making LS a viable and sustainable 
part of teachers’ professional development.  The cases were selected to exemplify the different aspects of 
how PID affects the efforts to implement LS.
　　 Both cases draw on documents, pictures and field notes collected by the authors while observing and 
participating in the two contexts.  In the first case, audio recordings of meetings were also used.  The data is 
used to support the generation and illustration of hypotheses and not as “proof” of their general validity. 

CASE 1: LEARNING TO DO LESSON STUDY IS NOT SUFFICIENT

　　 ABC (pseudonym) School is a large public school near Copenhagen, and it is funded as a so-called 
resource centre of mathematics education in its municipality.  In early 2018, the mathematics consultants of 
the municipality and the school management decided to establish a “LS environment” at ABC School in 
collaboration with two mathematics educators from the nearby University College (including the first 
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author).  Two explicit aims for this activity were cited: to increase teachers’ explicit focus on students’ 
mathematics competences (a key notion in the current curriculum) in the classroom and investigate how 
teachers’ collaboration can improve the quality of mathematics teaching.  Given the role of the school, 
another aim was for teachers to subsequently help other schools establish a LS environment.  LS was totally 
new to the teachers, who were often teaching alone; at the time of the study, they had not experienced 
collaborative situations, including observing teaching and students’ learning together.
　　 The project began with an introductory workshop on LS, given by the mathematics educators, during 
which a teacher from another municipality (the one considered in Case 2) gave an open lesson, which was 
followed by a common reflection session for the participants (as a first experience of this part of LS).  At the 
end of the workshop, the principal of the school that the presenting teachers came from narrated his 
experiences with LS.  In short, the introductory workshop gave teachers of ABC School a first impression on 
how LS works.  Later in the spring of 2018, two teams of mathematics teachers (grades 3 and 7) started their 
own LS with the two mathematics educators as facilitators.  After a common workshop on “reasoning 
competence” and “problem solving competence” (cf. Niss and Jensen, 2002), they planned a research lesson 
and completed three cycles of teaching (observing), reflecting and revising the lesson plan. 
　　 In the autumn of 2018, one new LS team joined the first two, and the spring workshop was repeated, 
but this time, a teacher from one of the first teams gave the open lesson.  Again, LSs were done within the 
team, and one teacher from each of the teams focused on how to facilitate and guide a LS process. 
　　 We will now discuss one of the research lessons for grade 3, taught in the autumn of 2018.  The 
presentation is based on lesson plans, field notes from classroom observations, student worksheets (as shown 
in Figures 2 and 3), audio recordings of reflections sessions, project meetings with teachers and municipality 
partners and interviews with teachers.  Reflections, evaluations and interviews relating to the PID were all 
transcribed and coded (Table 1).
　　 The research lesson was the last of three, and it was the second time that the team of the three teachers 
participated in LS.  In the research lesson and the following reflection, the three teachers, one of the 
mathematics educators, an invited “knowledgeable other” from a university college and a journalist from a 
major national teacher magazine, were present.  The lesson plan had been revised twice based on the 
experiences from the first two trials and reflections.
　　 The target knowledge was students’ understanding of fractions and their representations. 
　　 In the textbook used at ABC school, the following type of tasks on fractions were covered: 1) draw the 
half and the quarter of a figure, 2) put a ring around ½ and ¼ of things, 3) fill out the form: whole, half, quarter, 
three quarters and 4) Is this right or wrong? (see the different tasks in figure 1).  The suggested techniques 
included 1) making drawings of the correct size, 2) counting the total amount of elements in a group and 
marking ½ and ¼ of the element, 3) drawing whole-part relations and 4) ticking the correct box.  The level 
of students’ activities focused on practical knowledge and know-how techniques.  The students were not 
asked to reflect on their techniques.  While planning the research lesson, the teachers expanded the focus 
from praxis to also include logos (e.g., reasoning about the size of a fraction and the notation of a fraction). 
　　 The teachers’ experience suggested that it was difficult for students to encounter fractions other than ½ 
and ¼ in their surroundings and everyday lives, where integers and decimal numbers appear more frequently.  
The teachers wanted the students to visualise fractions in different ways and formulated the fraction problems: 
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Why is ⅛ smaller than ¼, while 8 is greater than 4? The broader goals of the research lesson related to 
students’ inquiry skills and mathematical reasoning, involving work with different kinds of representations.  
As part of the planning of the lesson, the teachers designed a worksheet to support the students’ work with 
drawings, written explanations, calculations and everyday stories (see Figures 2 and 3).  The teachers found 
the fraction problem simple, but by working on the problem themselves, they came up with several potential 
ways for the students to reason and use representations to support their reasoning.
　　 During the observation of students’ work, teachers focused on their use of the different representations, 

Figure 1.  Grade 3 textbook: fraction tasks and examples of techniques (Lindhardt, Jensen & Møller, 2021)

Figure 2.  Worksheet with students’ 
reasoning about sharing a pizza: “if 
there are four [people], you can 
have bigger slices [of pizza] than if 
there are eight [people] because 
you would need more pieces for 
more [people]”; the explanation is 
illustrated with drawings of people 
and pizzas. Everyday story: “A boy 
invites three friends; how big a slice 
of pizza does each of the children 
get?”

Figure 3.  Worksheet with students’ 
reasoning: “if you have four pieces 
of pizza, you need four pieces to 
form a [whole] pizza” (illustrated by 
a circle divided into four pieces), 
“but if you have eighths you need 8 
pieces to form the pizza” (illustrated 
by a circle divided into eight pieces); 
“then you need more pieces and 
because of that, 1/4 is bigger than 
1/8”. On top: “1/8 < 1/4 = 1/4”.

Figure 4.  White board with students’ 
reasoning and responses: “If I have 
1/8 of a pizza, I need 8 pieces to 
make a full pizza, but if I have 1/4 of 
a pizza, I need 4 pieces to make a 
full pizza”. 
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especially the drawings and the explanations, to help students understand the problem.  The teachers also 
noticed that students progressively used more formal mathematical language during the entire class discussion 
(partly reflected in Figure 4).  During the following reflection meeting, the teachers stated what they had 
learned from observing students’ dialogues, especially regarding their reasoning.  Many of these points were 
quite generic and could be relevant beyond the research lesson.  The participants also discussed the difficulties 
of orchestrating a whole class discussion and, in particular, drew substantial connections between different 
students’ solutions.
　　 The “knowledgeable other” stated that the lesson plan was robust and described the lesson as a complex 
lesson: “a delicious bite, where we get special knowledge about children’s thinking on fractions, part and 
whole, in the process”.  He further complemented the lesson because the focus was on students’ reasoning, 
and the teacher did not tell them what to do or think: “I categorise this as reasoning without authority”. 
　　 In an oral evaluation of the experience, all teachers from the different teams indicated that they wanted 
to continue doing LS.  They described LS as a certain kind of “noise” that, in a good way, forced them to be 
curious, experiment and make challenging changes in their teaching.  This kind of “noise” was absent when 
teachers worked alone.  In short, the teachers explained that they learned mathematics and teaching 
mathematics when they observed students’ learning and discussed new ways to orchestrate mathematics 
lessons.  However, the teachers also described the LS project as challenging; they felt that it “doubled” their 
work.  Some were confused due to organisational obstacles, such as a substitute teacher not showing up.  The 
teachers stated that they would like more “completed” lesson plans in Danish. 
　　 In the evaluation, the consultants from the municipality and the school management discussed how to 
support the project in a better way and how to construct a new structure around the LS.  The consultants and 
principals had attended a workshop or a research lesson and the subsequent reflection, and they described the 
potentials of the project.  Their focus was not on the teachers’ learning to teach mathematics, including 
learning mathematics, but on their learning of how to do LS.  They asked the teachers severally whether they 
were ready to start facilitating LS processes at some of the other schools in the municipalities and whether it 
was possible to organise open lessons, etc.  In several ways, it seemed like the management and consultants 
had different goals from those of the teachers and mathematics educators.
　　 In spite of the positive evaluation, the project stalled during the following winter as the municipality 
and school management became engaged in other projects.  They cancelled several LS meetings and 
explained that it was difficult to find teachers who had time for the project.  The mathematics educators’ 
interpretation was that the municipality and principals saw the first two rounds of LS as a completion of the 
goal of learning how to do LS and had moved on to other goals.
　　 To sum up this case, at the beginning of the project, LS was strongly supported by three institutional 
levels of PID: the university college and the “knowledgeable other” from the national level, consultants from 
the municipality level and the school management from the local school level.  During the project, the 
teachers had mixed experiences with LS.  On one hand, they were confused about organisational obstacles 
(e.g., extra math team meetings), which were not scaffolded by the school management and on the other 
hand, the teachers experienced professional development during LS.  The teachers’ development was not 
recognised by the school management or the consultants from the municipality.  During the second year, the 
support for the two last levels disappeared, and the project was no longer viable.  What will happen in the 
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future is hard to predict, but the teachers’ positive stance on LS may influence the school and municipality in 
the long run. 

CASE 2: LEARNING DURING LESSON STUDY REQUIRES EXTERNAL INPUT

　　 Lyngby-Taarbæk is a municipality north of Copenhagen, with about 55000 inhabitants and nine 
ordinary public schools.  As in other large municipalities, the central school administration employs 
“consultants” to support the schools’ teaching in specific subjects, for instance, in relation to new national 
initiatives and more generally, cross-school collaboration and teachers’ in-service education.  The present 
case concerns an in-service course organised by the consultant for mathematics and science, Dr Jacob Bahn.  
He took up this position after completing his PhD thesis (2018) on LS as a method for implementing inquiry-
based mathematics teaching.  The actual experiments for the thesis were carried out at three schools in the 
Lyngby-Taarbæk municipality, where teachers and pre-service teachers had experimented with LS 
occasionally in relation to pre-service teacher education and sporadic events.  In 2018 and 2019, Bahn 
organised two in-service courses, which were attended by about 60 of the mathematics teachers in the 
municipality; some attended both courses.  The courses lasted for about 8 weeks, involving five 3-hour 
sessions and some homework for participants.  The idea was to engage all teachers in one LS, focusing on a 
common theme, which in 2018, was “mathematical inquiry” (with examples mainly from counting problems 
in relation to simple geometric shapes).  Teachers signed up for the courses as “teams” of at least three 
teachers from each school. 
　　 The courses started with classical coursework related to the theme and subsequently, teamwork to 
design a research lesson with some support from course teachers.  Following the first two or three sessions, 
all teams experimented with their lesson at their own school, with one of the members teaching (usually one 
of their own classes) and the rest of the team observing and participating in the reflection meeting.  In most 
cases, Bahn also participated as an observer and “knowledgeable other” (koshi in Japanese).  After the 
experiments, a course session was devoted to the teams for them to give short PowerPoint presentations of 
their lessons and observations (often involving pictures and short video clips from the lesson experiment).  
At the end of this session, the participants chose which lessons to observe together in the final sessions.  
These sessions were organised as “open lessons”; the selected teams invited all course participants to observe, 
and the teams discussed their research at their schools. 
　　 We now focus on the work carried out by one of the teams selected to present an open lesson in the 
2018 course; we call this team “T”.  The analysis is based on field notes from the research lesson, the lesson 
plan and student worksheets (as shown in Figure 6).  The description and analysis of the case was verified by 
the organizer of the course and lesson study in question; only a few adjustments were needed, mainly 
concerning the context of the in-service course. 
　　 Most of the teachers from T had grade 3 classes and initially decided to design their research lesson for 
this level.  They initially discussed the difficulty of having students do “mathematical inquiry” at this level, 
where they were still working on basic operations in addition to other basic skills, such as reading.  They then 
selected a problem from teaching material that they had initially studied together and that one of them had 
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previously used at this level.  It concerned what the participants called “investigating the coordinate system”, 
which is a new and difficult topic in grade 3.  The problem selected was based on a figure from the textbook 
material, which was also used as the first handout in the lesson (Figure 5).  In Figure 5, there was also a 
question: “How far is it from the car to the house?” In the lesson plan, the teachers formulated a more 
elaborate problem: 

Figure 5.  First handout (copy from 
Teglskov & Kristensen, 2012, p. 50).

Figure 6.  Coordinate system 
handout with student writing in 
colour. 

Figure 7.  Whiteboard writing, in part 
by a group of students (arrows also 
present in their personal writing).

Carla’s parents have bought a new house.  Carla’s mother says that Carla must find her way home from the car.  How 
many routes can Carla choose (the shortest route)? 

　　 In the open lesson observed, the teacher first devolved the question in Figure 5, and after about 10 
minutes, the students’ answers were formulated and validated in a short whole-class session.  Here, the 
teachers only talked about the results and methods while pointing at a smartboard showing Figure 5 (and no 
other visual support).  Some students made measurements (with rulers) along the line segment from the car 
to the house; the need for the car to stay on the road and hence, to measure distances along these was 
institutionalized by the teacher, based on formulations by students.  With this convention, students agreed 
that the distance was 4 km.  Then, the teacher devolved the question from the lesson plan (quoted above) and 
distributed the handout shown in Figure 6.  The students were seated in groups but got individual handouts; 
some students worked together but still drew on their own handouts.  The teacher realised that some students 
considered all grid lines in Figure 6 to be roads and interrupted the group work to explain how the roads 
appeared in the coordinate system using a whiteboard as shown in Figure 7.  The last five minutes of the 
lesson was a whole-class episode during which the whiteboard was used again (see Figure 7; the arrows were 
added during the episode).  During this episode, coloured routes were drawn, and proposals that were not 4 
km long were rejected but not drawn; the group who invented the arrow notation explained their reasoning 
while the teacher summarized on the whiteboard (to the right).  The fact that there were six routes was not 
questioned or validated, but based on the handout and observations, only the group that used the arrow 
notation had found as many as six, while others found three or four.  The lesson ended with the teacher 
reiterating the explanation of the six routes (Figure 7).
　　 During the reflection session, teachers provided many interesting observations.  Some pertained to the 
handouts, which contained some confusing aspects for students (in Figure 4, the car looked 1 km long, the 
unclear location of the car, etc.; in the second handout, the grid lines could be confused with roads, as seen 
in Figure 6).  Others questioned whether the two problems were pertinent to inquiry as they had unique 
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answers.  Many comments pointed out that the teacher did not manage to guide all 29 students or ensure they 
got feedback on their work.  Some questioned the clarity of the tasks, including the rules to follow.  For 
instance, students drew routes that were longer than 4 km, and some even talked about “finding as many 
routes as possible”. 
　　 Dr Bahn pointed out that important points of the two tasks were not made clear to the students: most 
students had measured the “bird fly distance”, and the reason given for the rejection of this was just a rule 
(“cars run on roads”).  Similarly, whether the result (six) for the last task was actually correct, was not 
discussed or explained, although reasoning is an important part of inquiry.  The knowledgeable other pointed 
out the richness of the last task and the need for systematic reasoning to get more than “some examples of 
routes”, as many students did.  He focused on the “arrow notation” invented by one student group and 
explained how it can be developed into a systematic way of keeping track of different routes even for the 
generalized problem.
　　 The episode illustrated several more general challenges with LS that were also noted by Bahn (2018).  
Teachers often deviated substantially from the lesson plan in actual lessons, for instance, by changing the 
way that the main problem was explained to the students (here, in two steps instead of one, as the plan 
suggests) and by adding explanations in the middle of a period of problem solving.  While T had foreseen 
(and in the first experiment, observed) the tendency of students to measure distances diagonally, they 
developed no ideas to deal with it other than institutionalizing the “taxicab” distance as correct.  Finally, the 
last counting task, which was rich in potential for inquiry, was not thoroughly analysed by T.  In the lesson 
plan, the solution (“six”) was not even mentioned or justified, and we found no similarities to the earlier 
experiment in terms of possible student solutions.  All of these shortcomings are of course important to 
notice in order to improve the teachers’ experience with LS and their mathematical and didactical knowledge. 
　　 In summary, in this case, the school and the municipality, along with the (national) university were 
major factors in enabling and sustaining the LS activity.  The course organised by the municipality was an 
element of PID that could (if pursued over several years) make LS viable as an activity, assuming strong 
coordination with the school management and input from external individuals educated at the postgraduate 
level in practice-related didactics and mathematics.  We have reason to believe that the long-term effort with 
LS in the municipality has considerably affected a number of leading teachers but analysing individual 
teachers’ experiences is outside of the scope of the current paper.

DISCUSSION AND CONCLUSION

　　 Both cases demonstrate the decisive role of the municipality and school in PID in terms of initiating, 
modifying or even cancelling LS activities.  Takahashi and McDougal (2017) made a similar observation in 
the U.S.: to ensure sustainability, “enthusiasm for lesson study” must be clearly established at the school 
level; purely organisational support is not enough.  It is crucial for the decision makers to be informed about 
the long-term goals and functions of LS in countries, such as Japan, where such formats are a regular part of 
teacher development.  While LS does not have a strict format, almost all of these limited experiences of 
Danish teachers were attained in collaboration with other teachers who were equally inexperienced with the 
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format and with educators or researchers who usually also had very limited experience (occasionally, 
including some observations in Japan).  It is also worth noticing that Danish teachers are novices in developing 
lesson plans and do not have the support of the Japanese mathematics education literature on LS.  So, as in 
other countries where the format is new, “learning to do LS” in Denmark is a considerable challenge. 
　　 We propose that sustainability should not merely be taken to mean an autonomous LS entity where 
teachers, after intensive support with professional development and new resources, can continue without 
external initiatives.  The cases we have examined suggest, rather, the importance of external academic 
support from entities, such as the “knowledgeable other”, as well as organisational support from the 
management at the local school and consultants from the municipality.  This vision of sustainability is also 
consistent with other experiences and positions expressed in the research literature.  Clivaz and Takahashi 
(2018, p. 161) note that “Lesson study cannot thrive in a vacuum; the greater its support, the greater its 
impact will be”.  In our case, we consider that PID must provide more than substantial conditions and 
knowledge on “learning to do LS” and must provide professional nourishment and possibilities to share 
knowledge.  This suggests an inclusive expansion of PID, more substantial than what is suggested by, for 
example, Akiba and Wilkinson (2016) in the form of prepackaged LS kits and LS steps.
　　 Yet, LS is not an end in itself; its raison d’être in countries like Japan is to develop teachers’ professional 
knowledge over the duration of their careers and at the same time, make this knowledge shared among 
members of the professional community (cf. Stigler & Hiebert, 1999).  Although there have been reports on 
(usually and broadly speaking) “novice LS experiences” as successful and beneficial for teachers, such 
limited experiences with LS will at best, show the teachers how the activity works.  With no infrastructure to 
engage in LS afterwards, such endeavours are as useless as a train with no tracks.
　　 The paradidactic infrastructure can, thus, not be reduced to punctual opportunities to engage in a LS.  
The learning gained from LS depends on many factors, and our limited experiences and most studies on 
similar endeavours in other countries suggest that more or less seasoned “guides” of the activity are needed 
in order to create a meaningful, professional experience.  In Japan, the “knowledgeable others”, who are 
crucial participants in any LS, often come from the profession itself (Takahashi, 2014).  As expert teachers 
who lead and guide the planning of lessons, they have simply learned the craft from participating in LS with 
more experienced peers.  It may look like the hen and the egg, but even in Japan, LS grew out of the 
experience of learning from external experts (Isoda, 2007).  The two cases show how the inclusion of such 
experience also make a difference to the outcome in the Danish context.  The development of PID to make 
LS an important and useful format for professional development will thus require a focus not only on the 
creation of the time and place for teachers to engage in LS but also on the training of a number of “experts” 
who can contribute to guiding the activity and who can act as knowledgeable others in reflection meetings. 
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Abstract
　　 Over the last few decades mathematics education in China (refers to the Chinese mainland 
throughout this paper) has made important progress, along with its rapid economic and social 
development, and attracted increasing attention internationally.  At the same time, mathematics 
education research in China has also experienced a noteworthy growth in a variety of aspects.  To 
examine how mathematics education research in China has developed and hence explore what are 
possible and needed directions, we conducted a focused survey of research as mainly published 
since the early 1990s in the Journal of Mathematics Education, the sole national research journal 
and primary publication avenue in China particularly devoted to mathematics education research.  
With a focus on first research methods in terms of the general dichotomy of non-empirical methods 
and empirical methods and then research issues in terms of different areas in mathematics education, 
the results revealed that over the three decades, empirical studies have turned to be the mainstream 
of mathematics education research in China, while issues about mathematics teaching and learning 
have received the dominant attention.  Issues about curriculum and textbooks have also attracted 
fast growing attention, particularly when the issues are related to curriculum reforms.  Other 
topics that have received noticeable increasing attention include issues about mathematics teacher 
education and professional development, and issues concerning culture and history in mathematics 
education.  Possible and needed directions of the development of mathematics education research 
in China are discussed at the end of this article.

Key words:  International mathematics education, mathematics education research in China, trends 
in mathematics education, Chinese mathematics education

* A progress report of this study was presented by the first author at the 50th Memorial Conference of Japan Academic Society 
of Mathematics Education held in Omiya, Japan, June 2019.  This paper is a final report including new data not available for 
the earlier presentation.
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1. INTRODUCTION

　　 Over the last three decades, Chinese mathematics education has received increasing international 
attention.  This is clearly, though not entirely, related to the fact that Chinese students have been consistently 
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among the best performers in the subject of mathematics in international comparisons, including both small-
scale studies and large-scale international assessments such as the Trends in International Mathematics and 
Science Study (TIMSS) and The Program for International Student Assessment (PISA) (e.g., Fan & Zhu, 
2004; Jiang & Eggleton, 1995).  The world has seen Chinese students’ “unique characteristics” and “solid 
basic knowledge and skills” in their mathematical performance, as well as Chinese teachers’ involvement in 
“teaching-research activities” (somehow like Japanese “lesson study”) through Chinese schools’ unique 
“teaching research groups” and teachers’ delivery of well-structured lessons (e.g., Cai et al., 2004).
　　 When looking at the contemporary Chinese mathematics education, one should be aware not only of 
its long cultural tradition starting from its ancient time – of which the most influential is known as the 
Confucius heritage culture (Wong, 2004) – that has contributed to the formation of Chinese educational 
philosophy, teaching and learning methods, but also of the rapid economic and social development of the 
country since China (hereinafter refers to Chinese mainland) adopted the reform and opening up policy in 
1978.  Such a fast development raises new requirements for education, including mathematics education in 
China.  As a result, there have been a series of educational reforms for the last few decades, which were a 
driving force not only for mathematics teachers to reform their classroom instruction and improve the quality 
of instruction, but also for mathematics education researchers to pay attention to new issues emerging in the 
reform and development.  Meanwhile, the opening up policy has also brought growing opportunities for the 
Chinese mathematics educators to learn about the mathematics education reform and development in other 
countries, which is another factor that has shaped the research and development of mathematics education in 
China over the last few decades.
　　 This article is intended to examine how mathematics education research in China has developed during 
the last 30 years through a focused survey of research as mainly published in the Journal of Mathematics 
Education, the sole research journal in China particularly devoted to mathematics education research.  The 
focus of the survey is on the research methods, and research issues in mathematics education as reflected in 
the research published.  By doing so, we also hope to document and hence identify the main trends of the 
development of mathematics education research in China over the last three decades and explore what are 
possible and needed directions for further development.

2. RELATED LITERATURE AND CONCEPTUAL FRAMEWORK

Traditionally, mathematics education researchers in China had dominantly used non-empirical methods 
including philosophical, theoretical, analytical and historical approaches in carrying out their research, 
broadly defined, and publications, which was particularly prevailing until the late 1980s.  Since around 1990, 
this issue has aroused increasing attention of researchers in mathematics education, often from an international 
and comparative perspective (e.g., Zhang, Zeng & Dai, 1990; Fan, 1993; Gu & Yang, 2003), as Fan criticised:

　　 “For a long time, the carrying out of research work and the obtaining of research results in 
mathematics education in this country [China] was mainly based on the researchers’ synthesis of 
experiences, analysis of theories and dialectal enquiries.  Although this type of research methods can 
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sometimes obtain insightful and informative results, and should not be totally abandoned and rejected, 
there is no need to deny that they have a common limitation, that is, a lack of rigorous scientific 
argumentation, compelling factual evidence and empirical-based analysis, and often resulting in a 
relatively large degree of subjectivity and arbitrariness.  This has also to a greater extent affected and 
hindered the improvement of the level of mathematics education research in China.” (Fan, 1993, p. 2)

Therefore, Fan called for more use of empirical and experimental methods in mathematics education 
research.  In fact, the issue about the need for more use of empirical methods has also attracted increasing 
attention from general educational researchers (e.g., Peng & Zhang, 1990; Zheng & Cui, 2001; Yao & Wang, 
2013). 
　　 In this study, we examine the development of research methods in mathematics education in China over 
the last thirty years by analysing the use of non-empirical methods and empirical methods in research so as 
to reveal how the field has changed in terms of research methods over the time.  Conceptually, as researchers 
have argued, “empirical methods typically involve systematic collection and analysis of data (i.e., observation 
and evidence).  They are used primarily in quantitative research involving original collection of data, but also 
in secondary analyses and increasingly in qualitative research”; in contrast, non-empirical methods typically 
involve reflection, personal observation, and authority/experience for knowledge acquisition or conclusion 
(Dan, 2017).  Accordingly, following the general dichotomy, we use the term “empirical studies” to refer to 
those using empirical methods, while using “non-empirical studies” to refer to those using non-empirical 
methods.
　　 Like in any educational research field, research issues also have fundamental importance in mathematics 
education research, as research issues reflect not only the interest of researchers, but more importantly, a 
recognition of what are important to be addressed in their research effort.  In this regard, examining and 
hence identifying researchers’ seeking of what constitutes significant issues to address in their research is 
essential to understand the development of mathematics education research in any particular period (also see 
Fan, 2013).
　　 In the present study, we examine the research issues as reflected in mathematics education research 
published over the last thirty years in China by classifying them into different areas.  For this purpose, three 
widely recognised areas in the field of mathematics education research were first identified in the study, 
which include (1) classroom teaching and learning, (2) mathematics curriculum and textbook research, and 
(3) teacher education and professional development.  Those three broad areas basically correspond to the 
three constituents of the pedagogical triangle as conceptualized by educational researchers (Ailincai et al., 
2015; Friesen & Osguthorpe, 2018), which are students, teachers, teaching and learning materials.  In addition, 
we also looked into a fourth area, namely the issues about culture and history in mathematics education, 
chiefly due to the fact that the national mathematics curriculum in China has increasingly put more emphasis 
on culture nurturing in mathematics education (Ministry of Education of the People’s Republic of China, 
2003, 2018).  Moreover, as researchers argued, culture and history are often intertwined (Nagel, 1994).  A 
more detailed description of the framework is given below.
　　 Mathematics teaching and learning.  This research area covers issues about how mathematics teaching 
and learning take place mainly within but also outside mathematics classrooms.  Examples in this category 
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include studies about teachers’ different teaching approaches and practices, about students’ learning behaviors 
and difficulties, and about technological and psychological aspects of teaching and learning.  Moreover, 
issues about classroom-based measurement, assessment and evaluation in students’ learning of mathematics 
are also included in this category.
　　 Mathematics curriculum and textbook research.  This research area concerns issues about both 
theoretical and practical aspects of mathematics curriculum reform and development, as well as the use, 
development and evaluation of mathematics textbooks and more broadly instructional materials.
　　 Mathematics teacher education and professional development.  Issues addressed in this area are about 
mathematics teachers, about their pre-service and in-service training programmes and activities, and about 
their growth in professional knowledge, skills, beliefs and other professional aspects.
　　 Culture and history in mathematics education.  Issues in this research area fall into three specific 
subareas: (1) culture in mathematics education, e.g., about the concept and value of mathematics culture and 
how it can be integrated into educational practice, (2) history in mathematics education in both China and 
other countries, which includes studies, e.g., on how to use knowledge from mathematics history to help 
mathematics education nowadays, and (3) mathematics education concerning minority students, including 
studies from an ethnomathematics perspective.
　　 Table 1 presents a summary of the conceptual framework as described earlier.  It should be noted that 
about research issues, given the complexity and breadth of issues in mathematics education and its research, 
a fifth category, namely “other issues in mathematics education”, is added to include all the other studies that 
do not fall in the first four main areas. 

Focus Category/Area

1. Research Methods Empirical methods
Non-empirical methods

2. Research Issues Mathematics teaching and learning
Mathematics curriculum and textbook research
Mathematics teacher education and professional development
Culture and history in mathematics education
Other issues in mathematics education

Table 1 A conceptual framework of the survey 

3. METHODS

Before we conducted this study, we were already aware that there were numerous professional and research 
journals officially published in China in the field of mathematics education, including Journal of Mathematics 
Education, Journal of Mathematics (China), Shuxue Jiaoxue (Mathematics Teaching and Learning), to name 
a few.  However, only Journal of Mathematics Education (hereinafter referred to as JME) is particularly 
devoted to mathematics education research, while all the others are mainly for publishing discussion and 
experience-sharing articles about school mathematics and its teaching and learning at different school levels, 
though some of these journals occasionally also publish articles that might involve, to a greater or lesser 

20



Examining the development of mathematics education research in Chinese mainland  
from the 1990s to the 2010s: A focused survey

degree, research work.  Because of the uniqueness of JME as a mathematics education research journal, it 
has been the primary and most important publication avenue for mathematics education research in China 
since the journal’s founding.  This is the main reason that we decided to choose JME and analyze the full text 
of all the articles published in it to achieve the research aims.
　　 JME was launched in 1992 with its editorial board consisting of leading mathematics educators, most 
being university professors, from all over the country, which in many senses can be considered as a milestone 
in the development of contemporary mathematics education research in China.  The inaugural issue of JME 
was published in 1992, and then the following issues were first published biannually (1993-1994) and later 
quarterly (1995-2007), and since 2008, bimonthly.  As a result, the number of issues and hence articles 
published in JME varied from earlier years to recent years, though each issue usually contains about 20 to 30 
articles.  In most years, the editorial board also published a list of priority areas of mathematics education as 
calls for submissions of research articles for publication in the journal.
　　 After we selected JME, we applied the conceptual framework, as aforementioned, to code all the articles 
published in JME from its first issue in 1992 to the last issue in 2019, i.e., from Vol. 1, No. 1 to Vol. 28, No. 
6.  To ensure the reliability, the coding of the articles was done by two researchers of the team independently.  
A reliability test was then conducted to the two coders’ work on a randomly selected 30 articles, and the 
result shows an overall 90% inter-rater consistency in the coding of research methods.  For the coding of 
research issues, a third coder was invited when a disagreement between the first two coders on an article 
occurred.  Eventually, all the coders agreed on the classification of the articles based on the conceptual 
framework.  As a result, we believe that the data collected through coding are highly reliable.
　　 Like in many other countries, some research journals in education and even in social sciences in China 
also occasionally publish research articles in mathematics education.  Due to the scarcity of this type of 
articles and a great variety of these journals, they were not included in the coding, which is a limitation of 
the study, though we did include some research articles obtained from other journals when appropriate, 
especially when interpreting the results.  Besides, it should be noted that some Chinese researchers have 
published their research about the mathematics education in China in international journals or research 
monographs.  However, due to the scope of the study, we did not include these publications in our coding, 
though we did include some of these articles for interpreting the results.  In addition, readers should be 
reminded that this study is essentially not intended to provide, nor should it be viewed as, an evaluation of 
the quality of Chinese mathematics education research over the last decades.
　　 To conclude, we think, given the uniqueness and importance of JME as aforesaid, the results obtained 
from all the research articles published in JME can provide us with a relatively comprehensive and important 
picture of the development of mathematics education research in China over the last thirty years. 

4. RESULTS AND DISCUSSION

Below we report the results of the study about the development of mathematics education research in China 
as published in the JME since its founding, first about research methods employed by mathematics educators 
in terms of non-empirical and empirical studies, and then research issues or interests addressed in terms of 
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different areas as described earlier. 

4.1 Research methods: non-empirical vs empirical studies
　　 In total, there were 3263 academic or research articles, again broadly defined, published in JME in its 
28 volumes from 1992 to 2019.  Figure 1 presents the percentage of empirical studies in all the research 
articles published in JME over the years. 

　　 From the figure, we can see that, though with some fluctuation, there is an overall upward trend in terms 
of the percentage of empirical studies published in the journal, from about 18% in 1992 to around 65% in 
2019.  
　　 We further examined the data in the three different decades.  The results show that, in the 1990s, about 
32% of all the 658 articles published in JME were empirical studies, while the other 68% were non-empirical.  
Most of these non-empirical articles in these years were for discussion and experience-sharing purposes, 
presenting authors’ reflection, insights and practices on various issues about mathematics teaching, learning 
and problem solving.  Such a pattern remained unchanged until 1998, when many articles started to be based 
on studies using experimental or quasi-experimental methods on mathematics classroom teaching.
　　 In the 2000s, the percentage of empirical studies published in JME increased to nearly 36%, out of all 
the 1221 articles, though still much less than the number of non-empirical studies published in the same 
period of time.  The increasing trend was maintained into the 2010s, during which period the percentage of 
empirical studies published surpassed that of non-empirical studies, reaching slightly more than 55%, out of 
all the 1384 articles. 
　　 We can also see from Figure 1 that empirical studies have gradually become the mainstream in the 
2010s, especially for the recent few years (also see Chen & Tian, 2011; Niu et al., 2016).  Among those 
empirical studies, researchers usually used questionnaire surveys, interviews and achievement tests as their 

Figure 1  The percentage of empirical studies published in JME across years
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main methods to collect data (Yu, 2015; Niu et al., 2016).
　　 There are at least three important reasons to explain the gradual but steady shift in mathematics 
education research from non-empirical methods to empirical methods in terms of research methodology.  
Those reasons are related to the social, educational and economic development of China, including the 
national “reform and opening up” policy, as mentioned earlier.
　　 First, Chinese mathematics education researchers have increasingly been aware of the importance of 
empirical research.  In fact, this trend about the awareness has continued to gain growing momentum for the 
last few years not only in mathematics education, but also in general education.  For example, an annual 
academic event (conference) devoted specifically to empirical research in education, “National Forum on 
Empirical Education Research”, has been held every year since 2015, which attracted a large number of 
education researchers, including mathematics education researchers (Wang & Gu, 2015; also see http://feer.
ecnu.edu.cn/main.htm). 
　　 Second, with the fast growth of Chinese economy, there has been a steady increase of the research funds 
from different sources at both national and local/university levels available for researchers in the field of 
education as well as mathematics education, which made it increasingly more feasible financially and 
logistically for researchers to employ empirical methods to undertake educational studies concerning 
mathematics teaching and learning.   
　　 Third, Chinese researchers of newer generations in mathematics education, as in many other areas of 
education, have received better training on research methods compared with the past.  This is particularly the 
case since an increasing number of universities in the country have set up research degree programmes at 
master and doctoral levels in mathematics education; as a result, an increasing number of master and doctoral 
theses were published over the years, which, to a great extent, employed empirical methods as part of their 
training in the doctoral programmes (Li et al., 2019).

4.2 Research issues: the change of research interests
Below we first present an overall picture of the mathematics education research in China concerning research 
issues and then take a more in-depth look at the specific issues in each of the four main areas, as discussed 
in the conceptual framework. 

4.2.1 An overall picture  
The results of the study show that overall, during the three decades, the largest focused area of mathematics 
education research in China as published in the JME has been “mathematics teaching and learning”, with 
about 41% (or 1333) of all the 3263 published articles addressing issues in this area.  Meanwhile, nearly 15% 
(or 485) of the articles were about “mathematics curriculum and textbook research”, and 15% (or 487) were 
about “mathematics teacher education and professional development”.  In contrast, the proportion of the 
articles about “culture and history in mathematics education” was much smaller (8% or 257). 
　　 In addition to the four main research areas, the remaining 701 articles, about 21%, fell in the “others” 
category, i.e., addressing other issues in mathematics education.  Among these 701 articles, about 62% (or 
432) were on issues, methods and philosophy in mathematics education, and in particular, there were 24% 
(or 166) meta-studies focusing on various aspects of mathematics education in China or in the world, being 
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the mostly discussed topic besides the four main areas.
　　 We further examined the distribution of the studies published in terms of the different research areas 
across different periods to see if there has been a change over time.  The results, as depicted in Figure 2, show 
that the area of “mathematics classroom teaching and learning” has always taken up the largest portion in 
each time period.  Nevertheless, the distribution of the articles on different areas has become more balanced, 
which appears particularly evident in the last decade.  
　　 Overall, from the results, we think that, first, Chinese mathematics educators have paid most attention 
to the issues concerning mathematics teaching and learning over the last thirty years, which is quite 
understandable as, after all, the ultimate goal of research in mathematics education is to improve the quality 
of mathematics teaching and learning and addressing issues in this area has central importance for researchers, 
and second, the researchers have expanded the scope of research effort and gradually paid more attention to 
other related areas in mathematics education, which is also a noteworthy indicator, concerning the breadth of 
research, for us to understand the development of mathematics education research in China. 
　　 In addition, we also looked into the stages of education addressed in the articles since JME covers all 
educational levels from kindergarten to university.  The results show that about 44% of the studies published 
were not specifically focused on one certain stage.  For those studies which specified the stages of education, 
most of them addressed issues concerning secondary education, with 12% of all the studies concerning 
junior high schools (Grades 6-9), 13% senior high schools (Grades 10-12), and 12% secondary education in 
general.  On the other hand, research about primary mathematics education has become more popular in 
recent years.  In comparison, there were few articles focusing on mathematics education at pre-school and 
vocational high school levels.

4.2.2 Mathematics classroom teaching and learning 
There were 1333 articles or 41%, the largest percentage as aforesaid, of all the JME articles over the last 

Figure 2  Distribution of articles in JME in different research areas from the 1990s to the 2010s
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three decades devoted to various issues in the area of mathematics teaching and learning. 
　　 Looking further into the concrete topics addressed in these articles, we can see that the researchers 
(authors) conducted a considerable number of studies concerning the innovation or reform of teaching 
methods in China, such as “teaching with variation” (Gu et al., 2004), “mathematical methodology (MM) 
teaching experiment” (Xu et al., 1998) and “reducing burden and improving quality (GX) project” (Chen et 
al., 1994), “situated mathematics problem teaching” (Lü & Wang, 2001), among others.
　　 While “teaching with variation”, a term first used by Gu (1981), has become one of the most 
internationally well-known Chinese teaching methods, the “MM teaching experiment” and the “GX project” 
had also received much attention from researchers in Chinese mathematics education in the 1990s, as 
reflected in the JME articles.  For example, the article of Xu et al. (1998) presented a comprehensive review 
about the MM teaching experiment, which was largely based on Polya’s ideas about problem solving, as well 
as mathematics teaching and learning, conducted in Wuxi city since 1989, and the article of Chen et al. 
(1994) reported the GX project, which was aimed to reduce the burden of teachers and students and improve 
the quality of teaching and learning and started in Chongqing city from 1992.  There were also a number of 
JME articles published in other years, most noticeably in 1998, reporting the related results from the two 
projects.  In the 2000s, Lü and Wang (2001, 2006) published a series of articles presenting their research 
work, which were conducted in both primary and secondary schools in the southwest of China on how to 
teach mathematics using situational problem and problem posing, an approach apparently influenced by the 
situated learning theory (Clancey, 1995).  In the 2010s, studies published in JME put more focus on the 
teaching and learning of specific core contents (e.g., Wu et al., 2017) and classroom activities (Ye et al., 
2010) rather than teaching strategies, though in the last few years, “deep learning” as an instructional 
approach, instead as a concept in machine learning, had become a hot topic in mathematics education 
research as published in the JME (e.g., Zhu, 2019).   
　　 Along with other teaching methods, how to teach different topics in mathematics has always been one 
of the most discussed issues in China.  Among them, open-ended questions, a concept from Japanese 
mathematics education, have received much attention from mathematics education researchers in China 
since the 1990s (e.g., Dai, 1993; Chen, 1997; Hu, 1998; Wang, 1999; Qian, 1999).  Another highly noticeable 
theme, mathematics modelling, has also received increasing attention especially since the early 2000s (e.g., 
Feng & Zhang, 2000; Wang et al., 2005).
　　 In contrast, the number of articles on the learning of mathematics is overall fewer than that on teaching.  
Nevertheless, the last two decades have seen an increasing number of studies focusing on the issues of 
learning mathematics.  This trend seems related to the shift in the Chinese mathematics classroom instruction 
being from more “teacher-centred” to more “student-centred”, as advocated in the national mathematics 
curriculum reform.
　　 Along with the economic development, the technological advancement in China was also reflected in 
mathematics education research.  In the 1990s, there were only a small number of the JME articles devoted 
to the issues related to Information and Communication Technology (ICT) and mathematics education.  
After 2000, with the ICT being increasingly available to teachers and students, and the integration of 
information technology in mathematics instruction being highly advocated in the curriculum reforms 
(Ministry of Education of the People’s Republic of China, 2001a, 2010), this topic had received considerably 
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more attention from researchers, as revealed in the articles published in JME.
　　 During the past three decades, many researchers have also paid attention to issues on different aspects 
related to the psychology of mathematics teaching and, particularly, learning, such as ability development 
(Ning, 2003), learning transfer (Tu, 2006; Ning & Yu, 2010; Zhang, 2001), and cognition on problem solving 
(Xiao, 1994; Xing et al., 2014). 
　　 Finally, let us look at the topic of measurement, assessment and evaluation.  In the early 1990s, studies 
in this aspect of mathematics education were mostly on issues about the ways of examination and evaluation 
on students’ learning abilities, attitudes and outcomes.  From the late 1990s to the 2000s, there were 
increasingly more studies published with focus on new methods of assessment, including formative 
assessment and summative assessment (e.g., Li, 1996; Yang, 1999; Fan, 2006; Shi & Zheng, 2008).  Since 
2010, following the new ideas of mathematics literacy raised by the new curriculum, researchers started to 
pay more attention to the evaluation and measurement of mathematics literacy (e.g., Yu, 2017).
　　 Overall, from the articles published in JME, we can see that, since the early 1990s, research in the area 
of mathematics teaching and learning has become more varied in terms of the issues addressed, and there has 
been a shift from a major focus on classroom teaching to a more even distribution of articles on different 
aspects of mathematics teaching and learning. 

4.2.3 Mathematics curriculum and textbook research
As can be seen in Section 2, according to the conceptualization of this study, “curriculum (studies)” refers to 
studies on issues about both theoretical and practical aspects of mathematics curriculum reform and 
development, while “textbook research” refers to studies on issues about the use, development and evaluation 
of mathematics textbooks and more broadly instructional materials. 
　　 Figure 3 shows the number of the JME articles examined in this area.  It can be seen that there was a 
growth of the number of articles overall in this area published in JME from the 1990s to the 2000s, which 
was the peak period, and then a slight decline in the 2010s.  In addition, the number of articles published on 
curriculum studies was consistently more than that on textbook research for a long time in the first two 
decades, during which both subareas have received an overall increase, but the pattern was changed and 

Figure 3  The number of the JME articles on curriculum and textbook research across years
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largely no longer true in the 2010s.
　　 Like in many other countries and regions, China adopts a highly centralized education system.  There 
are national curriculum standards for virtually all school subjects including mathematics.  All the textbooks, 
although being more decentralized in the 2000s and published by different publishing houses, must follow 
the curriculum standards.  With this general context, it must be noted that there was a major curriculum 
reform taking place around the turn of the new century, culminating with the Ministry of Education’s issuing 
new national reform-based mathematics curriculum standards (called “syllabus” before) in 2001 for 
compulsory education (Grades 1 to 9) and in 2003 for senior high schools (Grades 10 to 12) (Ministry of 
Education of the People’s Republic of China, 2001b, 2003). 
　　 Following the new curriculum and the implementation of “one curriculum, multiple textbooks” policy, 
many different series of mathematics textbooks were approved for publication and use in schools.  The new 
curriculum and new textbooks, which follow the curriculum, raised both theoretical and practical issues for 
researchers to address before, during and after the reform.  Therefore, it is not surprising to see the overall 
change of the number of the JME articles in the area of curriculum and textbook research, which reached 
peak in the 2000s, as shown in Figure 3 (also see Xu, 2013). 
　　 Another reason that we think should be taken into account to explain the increase of the number of 
studies in textbook research in the 2010s is related to the international trend in textbook research (e.g., Fan, 
et al., 2013; Schubring & Fan, 2018).  In other words, it is also a reflection of the international influence on 
Chinese mathematics education under the background of China’s opening up to the outside world.  
　　 A further examination of the articles published in this area reveals that issues about the most commonly 
accepted concepts about mathematics curriculum in China, such as “two basics”, “four basics” and “core 
literacy”, were well studied in different periods (e.g., Zhang & Zheng, 2011; Zhu et al., 2018).  More recently, 
issues about the development of students’ “core literacy”, which consists of six aspects: mathematical 
abstraction, logical reasoning, mathematical modelling, mathematical operation, intuitive imagination, and 
data analysis, have become very popular topics for researchers, in relation to the release of the latest 
curriculum standards (Ministry of Education of the People’s Republic of China, 2018). 
　　 In the field of textbook research, the first article appeared in JME in 1994 (Yu, 1994), and in the 1990s, 
most studies focused on the evaluation of the structure and connectivity of knowledge in the existing 
textbooks, such as the structure of secondary trigonometry textbook (Zuo, 1996) and geometry textbook 
(Song, 1997).  In the 2000s, researchers started to investigate the use of these new textbooks focusing on 
specific contents and modules (e.g., Liu, 2004; Yang, 2004) and teachers’ perceptions about the new versions 
of textbooks (Peng, 2005), and in the 2010s, researchers paid increasing attention to textbook comparisons 
(e.g., Wu, 2016), and moreover, textbook development (e.g., Fan & Wu, 2015), which we think has highly 
practical significance worth further research.

4.2.4 Mathematics teacher education and professional development
In order to examine the studies on issues about mathematics teacher education and professional development, 
we further classified this broad area into three subareas, pre-service teacher education, in-service teacher 
education and professional development, and knowledge of mathematics teachers. 
　　 Figure 4 presents the results about the number of studies published in JME in the three subareas in the 
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three decades.  From the results, it can be seen that, overall, the number of studies on pre-service education 
declined considerably from the 1990s to the 2010s, while the number of the studies on in-service teachers 
education and professional development had to some extent increased.  These changes indicate that 
mathematics education researchers in China have paid growing attention to issues about in-service teacher 
rather than pre-service teachers since the 1990s.  In addition, a particular domain about teachers, i.e., 
knowledge of teachers, also has received increasing attention for the last three decades.
　　 A more specific look at the data reveals that, during the 1990s, most of the articles (or 88%) in this area 
were about issues on pre-service mathematics teacher education including, for example, how to set up pre-
service teacher education programmes in normal universities, how to improve pre-service education quality, 
how to teach specific pre-service training courses using innovative teaching methods (e.g., microteaching), 
and how to better offer practicum and internship experiences in their pre-service training (Jin, 1997; Li et al., 
1997; Zhang, 1999).
　　 In the 2000s and 2010s, in-service mathematics teacher education and professional development 
received more attention in research, which appears related to a broad social background that the importance 
of in-service training and professional development was more widely recognized in the whole society 
including policy makers.  It is particularly noteworthy that a nationwide large-scale in-service teacher 
professional development project, the National Training Project for Primary and Secondary School Teachers, 
was launched by the central government in 2010.  As many normal universities were tasked to provide in-
service training under the large project, researchers from those universities published numerous studies 
addressing related issues about, for example, in-service teachers’ need for professional development and 
their professional knowledge, based on their participation in the project (e.g., Cheng et al., 2015; Yang et al., 
2015).
　　 Finally, regarding mathematics teachers’ professional knowledge, over the last three decades and 
especially in the last fifteen or so years researchers have looked into a variety of issues from different 
perspectives, such as Pedagogical Content Knowledge (PCK), Mathematics Knowledge for Teaching 
(MKT), Mathematics Pedagogical Content Knowledge (MPCK), Technological Pedagogical Content 
Knowledge (TPACK), and in particular, how teachers developed their professional knowledge (e.g., Wang 
& Liu, 2008; Tong, 2010; Li et al., 2011; Yuan, 2012; Pang, 2018; also see Zhao & Fan, 2020).  Overall, there 
has been a clear growth in the number of the JME articles focusing on the issues about teachers’ knowledge.

Figure 4  Trends of the JME papers on mathematics teacher education and development
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4.2.5 Mathematical culture and history in mathematics education
When we examined the JME articles, a fourth area of research interests, that is, issues about culture and 
history concerning mathematics education, stood out clearly in addition to the three major areas, as discussed 
earlier.  The results revealed that overall the number of the JME articles in this area reached pinnacles in the 
early 2010s but decreased in recent years (also see Figure 2). 
　　 Looking further at the three specific subareas: (1) culture in mathematics education, (2) history in 
mathematics education and (3) mathematics education concerning minority students, in particular from an 
ethnomathematics perspective, as mentioned in the conceptual framework, we found that articles on history 
and mathematics education took up one third of the work, while articles on minority students and 
ethnomathematics took up the least portion in this area.
　　 Regarding issues concerning culture and mathematics education, a small number of articles published 
in JME in the 1990s focused on mainly practical issues, for example, how to integrate mathematical culture 
into mathematics education (e.g., Li, 1992; He, 1994; Huang, 1996).  In the early 2000s, the demand of 
integrating mathematical culture into primary and secondary education had increased and hence attracted 
increasing attention from researchers to a wider range of issues, for example, Fu and Zhang (2005) and 
Zhang and Zhang (2009) examined the cultural factors of mathematics curriculum and senior high school 
mathematics textbooks, revealing that the mathematical culture represented was mainly from the west, while 
Zhou and Miao (2009) studied how to set up mathematical culture courses in universities to satisfy different 
needs of students in different specialisations.  It is also worth noting that in the early 2010s, JME reserved a 
special column for articles on the construction of mathematical cultural courses, as a result of a national 
project on this aspect (e.g., Zhou, 2011; Cai, 2011; Zhu & Huang, 2012; Guo, 2012; Yang, 2014; Gu, 2014), 
and during this period, this subarea of research received the most attention. 
　　 It should be also noted that, the majority of the articles published in this subarea were non-empirical or 
general discussion papers, and moreover, articles specifically focusing on primary or secondary education 
were rare, which we think is an indicator of the complexity of issues about “culture” and the challenge in 
conducting research in this subarea (Fan et al., 2018).  Clearly, further research effort is highly needed in this 
direction.
　　 As China has a long history in mathematics and mathematics education, it is not surprising that Chinese 
mathematics education researchers have paid attention to related issues for a long time.  The last three 
decades have saw a considerable growth in this direction, and especially, the History and Pedagogy in 
Mathematics (HPM) has become a highly dominant theme (e.g., Wang & Ou, 2003), while the First National 
History of Mathematics and Mathematics Education Symposium, held in 2005, has become a milestone 
event in the development of research in this subarea (Wang, 2017; Shen et al., 2017). 
　　 Regarding mathematics education for minority students, there has been a clear growth in research in 
this subarea since year 2001 (Zhang et al., 2015), though a closely related concept of “ethnomathematics” 
has received attention in China much earlier after the term was coined by D’Ambrosio (1999) in the 1970s.  
A sharp increment in the number of the JME articles appeared in year 2010, which was likely related to the 
issuance of an important government policy about improving education quality in ethnic minority regions 
(Ministry of Education of the People’s Republic of China, 2010).  Among the most frequently discussed 
topics in this field were issues concerning the gap between mathematics education of ethnic minorities and 
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the Han, about the effect of bilingual teaching – where “bilingual” means Mandarin and their ethnic languages 
– on mathematics education, and about integration of ethnic culture into mathematics education (Hu & Zhou, 
2018).  Overall, it seems clear to us that this subarea is still at an initial stage of development in terms of both 
breadth and depth of the research.   

5. SUMMARY AND CONCLUSIONS

This study aimed to examine the development of mathematics education research in China by a relatively 
comprehensive survey of all the 3263 articles published in China’s sole national research journal and primary 
publication avenue, Journal of Mathematics Education, over the last three decades since its inaugural issue 
in the early 1990s.  The focus of survey was on the research methods in terms of the general dichotomy of 
non-empirical methods versus empirical methods, and on the research issues in terms of different areas in 
mathematics education.  As a result, we think several conclusions can be summarized from the overall 
picture of the development of Chinese mathematics education research, which has been shaped by different 
factors, as discussed above.
　　 Firstly, over the last three decades, empirical studies have gradually become the mainstream of 
mathematics education research in China, which is particularly the case in the last 10 years.  Given the 
increasing awareness of the importance of empirical research in generating new knowledge in education and 
mathematics education, the wider availability of research funding and the better training of researchers of 
newer generations, it appears this trend will continue as a much needed direction, though non-empirical 
studies should not be totally abandoned or rejected. 
　　 Secondly, in terms of research areas, teaching and learning of mathematics have consistently received 
most attention from Chinese researchers, with 41% of the JME articles examined addressing issues in this 
area, in the three decades.  Under this general pattern, a shift from a major focus on classroom teaching to a 
more even distribution on different aspects of mathematics teaching and learning can be observed, and in 
particular, the last decade has seen an increasing number of studies focusing on the issues of learning 
mathematics.  We think this trend is clearly related to the fact that “student-centred” approaches have been 
strongly advocated in the national mathematics curriculum reform.
　　 Thirdly, issues concerning mathematics curriculum and textbook research have attracted the second 
largest attention from researchers, with slightly more than 15% of the JME articles examined addressing 
issues in this area.  This is not only related to the national curriculum reforms taking places during this 
period, but also related to the international development in this area, which is particularly the case when we 
observe the fast development of textbook research in the last two decades, a direction worth further research.
　　 Fourthly, issues about mathematics teacher education and professional development also attracted 
considerable interest, with nearly 15% of the articles falling in this area.  Moreover, pre-service teacher 
education received most attention in the 1990s, while in the 2000s and 2010s, in-service mathematics teacher 
education and professional development received increasingly more attention, and in particular, there was a 
fast growth in research on teacher knowledge and knowledge development for the last fifteen or so years.  
Given the importance of in-service teacher education and professional development, we think it is another 
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direction that merits further attention. 
　　 Finally, researchers have also paid considerable attention to issues concerning culture and history in 
mathematics education and some other topics such as issues, methods and philosophy in mathematics 
education research.  Overall, the distribution of research interest on different topics or areas in Chinese 
mathematics education has become increasingly more balanced, particularly in the last decade.  With the 
emergence of new research areas, issues and demands in mathematics education, such as the use of AI in 
mathematics classroom, e-textbooks, developing students’ creative thinking, we think this trend, i.e., the 
expansion of research interest in mathematics education to a wider range of issues concerning mathematics 
teaching and learning is still at an early stage, and it should and will likely continue for the next decades to 
come.
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Abstract
　　 The current COVID-19 pandemic has made us rethink ways to provide educational 
opportunities. The purpose of this discussion paper is to identify issues and challenges in online 
teaching and learning of mathematics to be explored in future research, and what mathematics 
education can contribute to this research area. I first identified recent relevant research themes 
from 2015 to 2020 by reviewing key literature from mathematics education journals. International 
mathematics education research studies have been examining various issues around designing 
online learning environments, social interactions and communication in online teaching and 
learning, and the role of resources and tools. These concerns also exist among Japanese teachers, 
and I argue Lesson Study can be used creatively in order to seek effective ways to deliver online 
teaching and learning of mathematics.

Key words:  COVID-19 pandemic, Online teaching of mathematics, Teachers’ concerns, Ideas for 
online teaching, Online lesson study

1. INTRODUCTION

　　 “It is absolutely evident that we should be prepared that a bad year [a year when natural disasters cause 
massive problems in our society] will come back in future, and in good years we need to make our life 
ready [for such coming disasters]. But it is such a usual thing that we completely forget about this in 
good years [bad years with natural disasters]. Some people might say we can enjoy our life while we 
are forgetting such disasters, but I leave if this is a good attitude or not to our personal philosophy of 
life. However, I strongly consider at least people who are involved in national politics and administrations 
must not forget to treat this ‘amnesia’ (for coming disaster).” (Torahiko Terada, 1934)

　　 This statement was written by Japanese physicist Torahiko Terada (1878-1935) in 1934. Although this 
essay is mainly concerned with natural disasters such as earthquake, typhoon etc. and the context was Japan’s 
national defence in the time when the world situation was very unstable due to the great depression at that 
time, this statement seems to be very relevant the situation which we are currently facing a world-wide 
pandemic caused by the COVID-19 virus. He also pointed out human society is a systemic organisation with 
complex structures, and even a damage in a part of the organisation can be fatal for functions. 
　　 As in Terada’s statement, we indeed did not prepare for the current uncertain situation in ‘good years’ 
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while we were ‘enjoying’ our usual life before the pandemic, but what can we do in this situation to support 
pupils’ mathematics learning? One answer is to adopt online teaching and learning of mathematics. While 
we acknowledge there are many different types and forms for online teaching and learning, in this paper 
online teaching and learning are defined as educational activities entirely or partially with internet (Ko and 
Rossen, 2017), in particular: 
　● Synchronous, real-time teaching and learning with video conferencing tools such as Skype, Zoom, etc.
　● Asynchronous teaching with use of recorded video, voices etc. 
　● Use of structured learning with web-sites, online quizzes, PDF, etc.
　　 In the case of Japan, however, in April 2020 synchronous, real-time online teaching has been provided 
by only 5% of the 25,223 schools which are currently closed, while some kind of digital resources have been 
used by only 29% (Japanese Ministry of Education and Sport). Uegatani et al. (2021) reported “During the 
pandemic, the majority of public primary and secondary school children in Japan did not have mathematics 
instruction for a few months, except for homework through self-learning.” (p. 2). Through deeply analysing 
interview data from the two students, thier study also found these students lost opportunities in being 
members of their communities, and missed social interactions in mathematics problem solving. With other 
Japanese researchers, I have conducted a survey in teachers’ mental readiness to try online teaching in April 
2020. The survey was distributed through email and Social networking sites, and in total 207 teachers in 
elementary and junior high school teachers returned their answers. In this survey, it was suggested that these 
teachers have a positive attitude towards the use of online teaching and learning of mathematics, they are 
anxious about how to actually make their teaching interactive and how to deal with unexpected technical 
issues. In early 2021 we are still facing rather unstable situations with COVID-19, and it is worth exploring 
what known and future research issues are in the online teaching and learning of mathematics. 
　　 Reflecting on such experience since 2020, the purpose of this discussion paper is to identify issues and 
challenges in online teaching and learning of mathematics from international research studies, and consider 
what mathematics education research can be conducted in future. In particular, I work with the following 
research questions: “What research studies in online teaching and learning of mathematics have been 
conducted in mathematics education research between 2015-20, and what future research studies are expected 
to be conducted?”. 
　　 These questions are first explored by a systematic literature search, and by reviewing some key literature 
identified by the review. Grant et al (2009) suggest there are at least 14 types of review, and identifies one as 
an ‘Overview’ – a summary of the literature that attempts to survey the literature and describe its characteristics 
(p. 94). The potential strength of this approach is, “Overviews can provide a broad and often comprehensive 
summation of a topic area and, as such, have value for those coming to a subject for the first time.” (p. 99), 
and I will take this approach in this paper. 
　　 In what follows, first, I have conducted a literature search by using Web of Science in order to gain an 
overview of existing knowledge about online teaching and learning of mathematics, in particular what 
research has been done, with what topics, etc. A reason for using Web of Science is a) it is one of the trusted 
databases in research studies, b) to use CitNetExplorer which enables to visualise citation links between 
research papers based on Web of Science database (Van Eck and Waltman, 2014). Although I am aware that 
this has certain limitations (e.g. Web of Science does not include PME proceedings), the database includes 

38



On online teaching and learning of mathematics

recent papers (between 2015-2020) published in the major mathematics education journals, i.e. Educational 
Studies in Mathematics (ESM), Journal for Research in Mathematics Education (JRME), ZDM, Journal of 
Mathematical behavior (JMB), Journal of Mathematics Teacher Education (JMTE), Research in Mathematics 
Education (RME), International Journal of Mathematics Education in Science and Technology (IJMEST), 
International Journal of Science and Mathematics Education (IJSME) and International Journal for 
Technology in Mathematics Education (IJTME). Therefore, I consider the use of Web of Science and 
CitNetExplorer can provide a useful starting point to gain an overview of research studies between 2015-20. 
I will then explore what future research studies are expected to be conducted informed by the literature 
review described above, together with opinions expressed by 207 elementary and junior high school teachers 
in an open question, who participated in an online survey in April 2020. 

2. LITERATURE IN ONLINE TEACHING IN MATHEMATICS  
EDUCATION JOURNALS IN 2015-2020

2.1. Overview of development 
　　 Drijver (2015) pointed out design, teachers and educational context are the important factors for 
successful integration of educational technologies in mathematics education. While these factors are certainly 
essential for online teaching and learning, it seems there are some other specific elements for online teaching 
and learning in addition to these three factors.  In 2012, ZDM journal published a special issue on online 
mathematics education (Vol. 44(6)). According to Borba and Llinares (2012), this Special Issue explored the 
following two themes (p. 698):
　●  The impact of online collaboration on the constitution of networks, communities, and the issue of 

sustainability (the role of social networking)
　● The impact of online collaboration on the learning and development of teachers
　　 These themes were certainly important when Social Networking sites and online collaborative tools 
such as Google Docs were rapidly developing, and their educational potentials were recognised (e.g. Zhou 
et al., 2012). We can also see other themes such as multimodality, enhancement of student learning, 
pedagogical shifts, and online resources were also recognised as the major research themes at that time (ibid., 
p. 698). 
　　 From the 9 mathematics education journals, I initially extracted 75 papers which include the keyword 
‘Online’, in February 2021.  After screening with the criteria (‘Is this about online teaching and learning of 
mathematics’, and ‘Does it include use of online resources, but not the mere use of online survey to collect 
data?’), 68 papers were initially identified (see Table 2 in Appendix). I then used CitNetExplorer and VOS 
viewer to visualise citation links as follows with my own notes (minimum citation score: 3).
　　 From this list and visual networks created by CitNetExplorer (and VOS viewer), the following points 
might be observed:
　●  Fig. 1 suggests there are many themes which have been studied in this area of research, e.g. online 

assessment, e-learning, transforming classroom with internet, digital resources, teachers’ professional 
development, etc.
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　●  Fig. 2 visualises a citation network around e-learning. The figure 2 left shows many papers are 
‘integrated’ in Borba et al in 2016, published in ZDM. This paper is also one the most cited papers.

　●  We can see many papers which are related to online teaching and learning are published in ZDM journal, 
and indeed ZDM published a special issue ‘Online mathematics education and e-learning’ in 2020 (vol. 
52(5)), which published 16 papers. Fig. 3 created by VOS viewer suggests that the paper by Engelbrecht 
et al. (2020) seems to summarise the existing knowledge very well. 

　　 Therefore, a useful starting point for grasping existing knowledge and insights in online teaching of 
mathematics might be by reviewing Borba et al. (2016) and papers from the ZDM special issue in 2020 (This 
does not of course mean we should not refer to papers published in the other journals and where appropriate 
I will refer to some). 

2.2. What were discussed in Borba et al. (2016) and ZDM Special issue in 2020?
　　 The paper Borba et al. (2016) seems to summarise many papers as well as being cited by various 

Figure 1.  Visualisations of citation network in studies related to ‘online’ maths education 
in maths education journals in 2015-2020

Figure 2.  Citation network around Borba et al. (2016)

Borba, M. C., Askar, P., Engelbrecht, 
J., Gadanidis, G., Llinares, S., & 
Aguilar, M. S. (2016). Blended 
learning, e-learning and mobile 
learning in mathematics education. 
ZDM, 48(5), 589-610. 
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literature. This is one of the survey papers on research on mathematics education as one of the achievements 
of ICME13 conference (Hamburg, Germany, 2016), led by Borba, Kaiser and Kaur. In this paper, Borba et 
al. (2016) surveyed papers in major mathematics education journals such as Educational Studies in 
Mathematics, Journal for Research in Mathematics Education, For the Learning of Mathematics, The 
Journal of Mathematical Behavior etc. and some Latin American journals such as BOLEMA: Boletim de 
Educação Matemática and summarised on the studies related to blended learning, e-learning and mobile 
learning in mathematics education. They first acknowledged the rapid development from 2010 such as Web 
2.0 technology , and identified the following five areas as important for research, i.e. the use of mobile 
technologies, MOOCs (massive open online courses), digital libraries and designing learning objects, 
collaborative learning using digital technology, and teacher training using blended learning (p. 590). This 
paper concludes the five issues to be recognised as areas to be further developed and explored in future 
research studies (p. 660), i.e. relationships between students and mathematical knowledge shaped by mobile 
technologies, the potential of MOOCs to affect access to and the quality of mathematics, how to organize and 
design online mathematics resources, design and use of online learning spaces for collaborations, and 
teachers use of blended learning. 
　　 In 2020, followed by Borba et al. (2016) and the five suggestions, ZDM published another special issue 
in Online mathematics education and e-learning. In a survey paper of this issue, Engelbrecht et al. (2020) 
stated that this Special Issue published papers around the following concerns, i.e. principles of design of 
MOOCs and professional development opportunities for teachers, social interactions and construction of 
mathematical knowledge, and tools and resources (p. 827). 
　　 While we always value face-to-face interactions, considering the current situations caused by COVID-19 
pandemic, more online or blended professional development opportunities for teachers will be considered. 
Also, due to the development of online communication tools such as Zoom or Slack, it is easier to construct 
international network, but our understanding of design and processes, necessary factors for successful and 
sustainable developments and critical evaluations of various online/blended courses remain to be investigated. 
This topic is indeed explored in this Special Issue (Martinez et al., 2020; Hollebrands and Hollylynne, 2020; 
Goos, et al., 2020; Joubert, et al., 2020; Bennison, et al., 2020). Among many interesting studies, I found 
lesson studies with blended formats to be particularly interesting as this is a creative way of conducting a 
professional development for teachers. Conducting online lesson study is a relatively new idea (see Norwich, 

Figure 3.  Citation network around Engelbrecht et al. (2020)

Engelbrecht, J., Llinares, S., & Borba, 
M. C. (2020). Transformation of the 
mathematics classroom with the 
internet. ZDM – Mathematics 
Education, 52(5), 825 – 841. 
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et al., 2016 as one of the early attempts). Joubert et al. (2020) explored how a lesson study can be undertaken 
in a blended format to support isolated teachers across Southern Africa. They identified eleven aspects, i.e. 
technology; group; learning management system; online facilitation; technological pedagogical content 
knowledge (TPACK); (mobile) learning strategies; a lesson planning form; backward design; time; photos, 
videos and reports; and refection questions, which will be essential to achieve a blended lesson study with 
three dimensions (Collaborations, Instructional Development and Iterative Improvement Process) to support 
isolated teachers (p. 923). 
　　 Online communication and collaboration was already recognised as an issue needing to be tackled in 
2005 (Engelbrecht and Harding, 2005) as well as Borba and Llinares (2012), and Borba et al. (2016), and it 
seems this is still one of the major concerns in the online teaching and learning of mathematics (also flipped 
classrooms, e.g. Murphy, et al. 2016). In Engelbrecht et al. (2020), for social interactions and construction of 
mathematical knowledge issues around theories, roles of social artefacts or tools such as online collaboration, 
mind mapping or sharing narratives in online forums in meaning constructions, collaboration spaces 
including facilitating asynchronous online discussion, and roles of media are discussed (p. 830). In the 
Special Issue, for example, Cendros-Araujo and Gadanidis (2020) explored how online collaborative mind 
mapping contributed to develop preservice teachers’ knowledge in mathematics education. They found 
activities such as arranging items, sizing, highlighting, linking or separating ideas with collaborative mind 
maps can enrich their mathematics and pedagogical knowledge. 
　　 Finally, this Special Issue examines resources and tools. Technological tools might be seen as digital/
nondigital artefacts for teaching and learning mathematics such as graphic calculators, dynamic geometry 
software, etc. (Monaghan et al., 2016; Fujita, 2018), and indeed they are one of the most important elements 
of the teaching and learning of mathematics. Engelbrecht et al. (2020) state “The development of new digital 
technologies provides new opportunities to mathematics educators, and new ways of thinking about how the 
teaching and the design of teaching–learning environments evolve, generating new practices and establishing 
goals which we did not think about several years ago” (p. 831), and this Special Issue contains studies around 
this theme. The study by Aguilar and Puga (2020) is particularly interesting. They explored how 30 Mexican 
engineering undergraduate students used information from the Internet to complete directed tasks in the 
definite integral. The study distinguishes the two types of help seeking, i.e. Executive help seeking (“situations 
in which student’s purpose is to find something or someone to help them to solve a problem, or reach a goal 
on their behalf”, p. 1006) and instrumental help seeking (“more focused on promoting a self-understanding 
of an idea or a problem-solving process”, p. 1006). The results are somewhat expected, i.e. students’ help-
seeking attempts were dominated by instrumental help-seeking behaviours for procedural problems (e.g. 
calculating …) by using search engines and key words to identity useful sources. However, it seems students’ 
help-seeking behaviours remain to be explored further, e.g. how such learning experience actually contributes 
to develop students’ mathematical understanding and thinking, shape their understanding and thinking in 
particular ways, etc. as this kind of help-seeking from the Internet will be more and more common. 
　　 Another important idea is the Personal Learning Environments, defined as “systems that provide support 
to students so they can take control of their learning (by setting their own learning objectives) and manage 
their own learning content to achieve these learning objectives” (Borba, et al. 2016, p. 601), or hyper-
personalisation (Engelbrecht et al., 2020). For example, depending on availabilities of devices, a learner 

42



On online teaching and learning of mathematics

might use just a laptop or desktop computer for online learning, others use only a tablet/mobile phone, or 
combining both computer and tablet/mobile phone in their learning. The ‘one-size-fit-all’ approach cannot 
be adopted for building effective learning environments, but it should be carefully organised to support not 
only students’ development of mathematical knowledge and understanding, self-regulated learning which is 
considered as a key element of online learning (Dabbagh and Kitsantas, 2012).  

3. WHAT COULD MATHEMATICS EDUCATION RESEARCH CONTRIBUTE TO  
THE ONLINE TEACHING AND LEARNING OF MATHEMATICS?

3.1. Japanese teachers’ concerns
　　 Based on Borba et al. (2016) and ZDM Special issue in 2020, design online learning environments, 
social interactions and communication in online teaching and learning, and roles of resources and tools are 
recognised as particularly important. In this section I shall discuss what future research studies are expected 
to be conducted. Before proposing some ideas, I refer to some views expressed by Japanese teachers when 
they faced the first school closure in March-April 2020. Although these views were taken from Japanese 
teachers, they should be interesting and relevant to mathematics education researchers and teachers 
internationally. 
　　 In April 2020, a survey was conducted investigating teachers’ mental readiness to use online teaching 
and learning of mathematics to in total 207 elementary (N=105) and junior high school (N=102) teachers. 
The survey asks how teachers were mentally ready to use online teaching for mathematics (1-5 scale), 
together with 22 perception questions such as their attitude towards online teaching (e.g. how much they are 
interested in online teaching for mathematics), social norms (e.g. how their colleagues think about online 
teaching), resources (e.g. how they feel about technological difficulties when using online teaching) and so 
on. A quantitative analysis of this survey suggests that Japanese teachers have relatively positive attitudes 
towards the use of online teaching and learning of mathematics. However, their sense of crisis is very high 
and they are anxious about how to actually make their teaching interactive and how to deal with unexpected 
technical issues. In one of the open questions, these participants were asked to write their comments or 
thoughts on situations they were facing. When we read these comments, it seems that concerns expressed by 
the teachers (who participated in the survey) are roughly classified into the following themes (Table 1).
　　 These concerns expressed by Japanese teachers also echo what international research studies have been 
focusing on, which is discussed in the previous section (Borba et al., 2016; Engelbrecht et al., 2020 and 
more), i.e. rethinking and designing curriculum contents for online teaching by considering students’ help-
seeking behaviour from the internet, social interactions and collaborations in online teaching, organising 
network environments and tools, and professional development. Almanthari et al. (2020) also reported that 
Indonesian secondary school mathematics teachers (N=159) felt various birrias such lack of teachers’ 
knowledge, not having internet connections, the difficulties to understand the content, lack of access to a 
computer etc., exist to implement e-learning effectively.  
　　 We can also see the teachers expressed various thoughts and feelings including more general educational 
issues than mathematics, such as caring for students’ mental health. Also, it seems that Japanese teachers are 
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Themes Examples comments from open questions

Covering required 
mathematical contents

•  I am worried the quality of learning will not be good enough (due to the school 
closure). (Junior high school)

•  Considering to catch up with the last year’s maths topics which we have not finished, 
I feel it will be really difficult to cover all the required mathematical contents. (Junior 
high school)

•  The required mathematical contents is too much and this made both children and 
teachers anxious. (Junior high school)

•  I honestly am worried if I can finish teaching all the required maths contents in the 
Course of Study. (Junior high school)

Attainment including 
gaps

•  There is a limit for elementary school pupils to undertake learning by themselves. 
How can we support this? (Elementary school)

•  Attainment decline due to the school closure (Elementary school)
•  I feel that gaps in students who can work by themselves or not will be visible in their 

attainment gaps (Junior high school)
•  Lessons will be reduced, and I am worried how students who are slower to understand 

can cope with. (Junior high school)

Caring students’ mental 
health

•  In March when I visited to my students while my school was closed, I felt there are 
many children who are just playing games, unhappy with their home environment, 
having no contacts with their friends, etc. and I think caring for their mental health is 
necessary in addition to supporting their academic learning. (Elementary school)

•  Even pupils who felt not to rather go to schools actually started saying they want to 
see their friends and attend lessons. I really consider it is essential for them to meet 
face-to-face in one place. (Junior high school)

Organising network and 
tools

•  It is an urgent matter to establish online teaching, and provide learning opportunities 
to pupils. Because the school is closed, we now have time to organising environments. 
It is time to stop saying ‘we cannot do this’ but all local organisation and schools 
should at least try, and we just learn and cumulate ‘know-how’ for education in the 
next generations. (Elementary school)

•  I feel the network environments at home are not ready, it would be really difficult to 
practice online teaching for all the family. (Junior high school) 

Expectations for 
changes

•  Completely unpredictable things are happening, so I want to undertake what we can 
do with ICT thoroughly. We can sufficiently connect with our pupils via ICT tools. 
(Elementary school)

•  I actually expect online teaching will provide an opportunity to develop pupils’ 
various competencies (Junior high school)

Interactions in teaching •  We are facing difficult situations in communicating each other as we cannot use pair 
or group activities. Therefore, I feel it has been difficult to deepen our understanding 
through interactions. I consider if tablets will be distributed to all the pupils, then this 
problem might be overcome. (Elementary school).  

•  I now recognise it is really important for both teachers and pupils to learn interactively 
in one place. (Junior high school)

Table 1 Concerns for online teaching expressed by Japanese teachers

concerned if they can cover all the required contents specified by the Japanese Course of Study. 

3.2. The use of Lessons Study for tackling challenges
　　 Then, the question remains how can mathematics education research contribute to these issues in future 
research in online teaching and learning, in order to gain critical insights not only useful for online teaching 
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and learning but also for international mathematics education research (Stable and reliable internet 
connections and appropriate devices will be essential to achieve effective online teaching and learning. In the 
following suggestions, I assume this condition is satisfied, although this equity issue has been problematic, 
including soft equity issue described as “the lack of appropriation of necessary knowledge and positive self-
identification” (Uegatani et al., 2021, p. 1)).  
　　 One way to tackle these issue is to use Lesson study, such as Collaborative Lesson Research described 
as “As a form of lesson study, CLR is an investigation undertaken by a group of educators, usually teachers, 
using live lessons to answer shared questions about teaching and learning” (Takahashi and McDougal, 2016, 
p. 519).  Attention can be paid to the issue of how these tools and tasks can be used in online teaching to 
maintain social interactions and collaborations between teachers and pupils in mathematics in order to 
deepen their thinking and understanding of mathematical knowledge and concepts. Also, we still do not 
know, what online communication tools can be used with learning activities designed with GeoGebra (https://
www.geogebra.org/), Desmos (https://www.desmos.com/), or CODAP (https://codap.concord.org/), or to 
what extent the use of online synchronous tools such as https://whiteboard.fi/ can replace face-to-face 
teaching in mathematics. For example, Fig. 4 is taken from my own use of whiteboard.fi in a session for UK 
trainee teachers who are exploring ANNA number patterns with Zoom, and how their thinking and 
understanding might be shaped in such teaching? 

Figure 4.  Use of whiteboard.fi in online teaching

　　 Distributing appropriate devises for accessing online teaching is also important. We saw that one 
teacher commented that “I consider if tablets will be distributed to all the pupils, then this problem 
(interactions with pupils) might be overcome”, and recent Japanese GIGA school initiative might be seen as 
a positive direction. However, is just distributing individual tablets enough? For example, in 2008, the 
Portuguese Government launched the ‘e.escolinha’ programme, which aimed to provide a laptop “Magalhães” 
to children in primary schools for the use at schools and homes, and by 2011, 500,000 children received their 
laptop. While there were some positive impacts on children’s digital literacy skills, various social factors in 
education was not carefully considered by the government. In general, it was reported that without dialogues 
between policy makers and school practice, together with a lack of clear pedagogical guidance, the use of 
laptops in classroom was not more effective than ‘traditional’ lessons (Pereira, Pereira, et al., 2015). Here, 
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the idea Personal Learning Environment (PLE) might be a useful starting point. Little is known about how 
to organise students’ PLEs for online learning of mathematics for Japanese pupils, including encouraging 
self-regulated learning (Dabbagh and Kitsantas, 2012). In relation to PLEs, I would like to introduce another 
idea ‘a Personal Teaching Environment (PTE)’ for teachers, which can be defined, by adopting Borba et al. 
(2016), as “systems that provide support to TEACHERS so they can take control of their TEACHING (by 
setting their TEACHING objectives) and manage their TEACHING content to achieve these TEACHING 
objectives”. For example, a teacher might just use a computer to do online teaching, but other teachers might 
combine a computer with hand-written recognition devices in order to realise interactive, synchronous online 
teaching. Again, Lesson study can be used to critically examine how PLEs and PTEs might be organised in 
order to teach mathematics effectively, or supposing PLEs/PTEs are established to teach algebraic content, 
then these PLEs/PTEs should be reorganised differently when geometry is taught. 
　　 Also, we have seen in the literature, internationally how Lesson study is conducted in online/blended 
formats are becoming an interest in mathematics education research (e.g. Joubert, et al., 2020). Questions 
can be asked, for example, what online tools can be used to facilitate collaborative lesson planning, how 
video materials be used as prompts for post-lesson discussions and evaluations including asynchronous posts 
in online forums, etc., which has been actually happening since 2020 (e.g., in Japan, an online meeting 
hosted by Kumamoto University attached elementary school was held on February 20th 2021. Lessons were 
uploaded on YouTube and Zoom was used for meetings: https://elem.educ.kumamoto-u.ac.jp/2021_2_19-
20_kenkyuhappyokai-3/ accessed in June 2021; in UK, Lesson study UK group developed a guidance for 
conducting online lesson study: https://lessonstudy.co.uk/2021/02/new-free-to-download-online-research-
lesson-study-dos-and-donts/, accessed in June 2021). 

4. CONCLUSION

　　 In 2021, Japanese schools are currently open and many of mathematics educators are thinking we do 
not have to practice online teaching now or even in future. However, the COVID-19 pandemic really 
demonstrates us unexpected things can really happen, and we cannot assume our traditional face-to-face 
teaching will continue forever. Also other countries, such as in the UK, schools are forced to close, online 
teaching is happening, and teachers and pupils in schools are working hard to adopt this new ways of teaching 
and learning. Reflecting on the current situation, this discussion paper explored the questions “What research 
studies in online teaching and learning of mathematics have been conducted in mathematics education 
research between 2015-20, and what future research studies are expected to be conducted?” As we have seen 
in section 2, international mathematics education research studies (identified from Web of Science and 
organised by CitNetExplorer and VOS viewer) have been examining various issues around design online 
learning environments, social interactions and communication in online teaching and learning, and roles of 
resources and tools. In section 3, by reflecting on Japanese teachers’ views on online teaching, I argue that 
mathematics education research (both international and Japanese) will be able to contribute to these issues 
by using Lesson Study creatively. 
　　 Of course, I am not saying undertaking only these issues will be enough, and there are many other 
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important research areas such as online assessment (e.g. Sangwin and Jones, 2017), which have not 
sufficiently been discussed in this discussion paper. Another concern seems to be attainment gaps which 
might be created by online learning. We simply do not know, if gaps between pupils’ mathematical attainments 
will be wider or not in online teaching compared to face-to-face teaching, but this cannot be addressed with 
only using Lesson Study, and a longitudinal research study will be necessary in future.
　　 As we saw in Terada’s statement at the beginning of this paper, perhaps at this time we need to develop 
more robust pedagogies for online teaching to prepare for the next crisis which will come in future. Indeed, 
as one of the Japanese teachers stated in the open question in the survey “It is time to stop saying ‘we cannot 
do this’ but all local organisations and schools should at least try, and we just learn and cumulate ‘know-how’ 
for education in the next generations”. This attitude is necessary for mathematics education research to 
overcome our challenges caused by COVID-19 pandemic. 
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